Many physical processes are described by conservative quasilinear systems of equations that admit a supplementary independent conservation law. A typical example is the equations of incompressible fluid dynamics.
Introduction.
Because of the importance of the incompressible fluid flow equation, the investigations concerned with the existence, uniqueness, and stability of solutions of the initial-boundary value problems and their numerical implementations are numerous [1] - [4] . As a rule, results in those directions are obtained by means of the well-known conservation laws: of energy, momentum, mass, [1] - [4] .
Traditional methods for obtaining conservation laws are based on Noether's theorem coupled with group analysis, differential forms, etc., [5] - [8] . Here we use a method proposed by Rozdestvenskii [9] . It relies on a direct analysis for compatibility of an overdetermined system of first-order partial differential equations for density and fluxes of an arbitrary conservation law. Let us mention in passing that the methods of the type we have mentioned are those employed when all conservation laws for other important systems of continuum mechanics [9] - [15] are derived.
The remainder of the paper consists of two parts. In the first, part (Sec. 2) the full set of conservation laws for the Euler equations of an incompressible fluid is obtained. Part of these conservation laws are derived in [7] using Noether's theorem; other preliminary papers study the group properties of this system. In [10] it is shown that all first-order integral invariants are linear combinations of the momentum, energy, and vorticity.
In the second part (Sees. 3, 4) of the paper the system of equations for an incompressible fluid is written in a symmetric form. Such forms are known for a number of hyperbolic systems of mathematical physics (for example, gas dynamics [16] , [17] , and magnetohydrodynamics [18] ). An important example of a system that is evolutionary but not hyperbolic is provided by the Euler equations for incompressible fluids. In Sec. 4, Godunov's symmetrization method is generalized for an arbitrary conservative quasilinear system of equations with a complementary conservation law.
2. Conservation laws in incompressible fluid dynamics. The equations of an incompressible, inviscid fluid in the absence of body forces read dui dui dp
where it,, i = 1,..., n, are the components of the velocity and p is the pressure.
Here and henceforth we assume that the functions considered possess all necessary derivatives. Also we shall not explicitly specify the domain of the variables.
The classical conservation laws are obtained for (2.1), (2.2) as follows. We multiply (2.2) by Ui (i = 1,..., n) and add the equations that express the conservation law of the momentum^
We multiply the ?'th (i -l,...,n) equation of (2. 
where a is an arbitrary constant, the functions /3( satisfy the conditions = -ffj, i 7^ j, and Pi (t), 70 (t) are arbitrary functions. To(t) and 6i(x) satisfy the equation
Corollary. The only linearly independent conservation laws that do not depend explicitly on time and space are the classical conservation laws: the conservation laws of the volume (2.1), the momentum (2.3), and the energy (2.4).
Proof. In (2.5), T, X1,..., Xn are the desired functions of the variables t, x\,..., xn, U\,... ,un, p, and each of the variables u\,... ,un, p depends on t, Xi,... ,xn. The subscripts further show partial derivatives in the system of the independent variables t, xi,...,xn, ui p. If in (2.5) we differentiate T, X1,..., Xn as compound functions and eliminate the derivatives with respect to t and x with the help of (2.1), (2.2), we obtain a linear relation with respect to space partial derivatives, which must be zero for arbitrary values of the solution derivatives. As a result there arises a system of n(n + 1) + 1 first-order partial differential equations for the functions T, X1,..., Xn. The first group of equations is -ujTui +X3U1 =0, j = 2,...,n; (1.1 .j)
the second one is where X' is an arbitrary function. Indeed, let us fix i and let k ^ j, j ^ i, 1 < k, j < n. Now (also in the case n = 3) it is reasonable to use the canonical quasilinear form (3.4) for construction of difference schemes (or finite element approximations) that satisfy discrete analogs of (3.3). Difference schemes with such conservative properties for the compressible Euler equations are served in [19, 20] and, for the equations of nonlinear elasticity, in [21] .
Proof. Following the idea of Godunov [16] , to find the functions <7,(ui,... ,un,p), we multiply the corresponding equations (3.1) by qu add them and compare with (3.2):
The equality will be satisfied if the following equalities for differentials hold: From (3.7) at i = 1, after equating the expressions in front of the corresponding differentials, we get the formulas for g,; from (3.3). It is easy to check that these qt satisfy the other equalities in (3.6), (3.7). Now, for P-we get Pq = 0, P° = qi, i = 1,... ,n, Therefore, the expressions X]"=o ^Pr'^'lr are total differentials of some functions For these functions we obtain from (3.9) the independent equations " ^ QJji " ŷ t qu q-= Rl + ^2 Klqk + L' (Ll = constant), i = 1,... ,n. k=0 ®k k=0
The solution of these equations can be written in the form If the system (4.4) is x^-hyperbolic in the sense of Friedrichs [9] (very often xis time) and if Qk is a convex function, then Qk is called a generalized entropy [16] , [17] . Then (4.4) can be written in terms of new dependent variables ^ = <?,(«)> i = 1,..., n, as a symmetric hyperbolic system; and, conversely, if the hyperbolic system (4.4) is symmetrizable, then it possesses a generalized entropy [16] , [17] , [18] . Deriving them in detail, we get the over-determined system (4.5) and, from the condition of independency, it follows that there exists k, 1 < k < m, such that det dP? due ± 0.
Then, from (4.5), when s = k one obtains a system from which, in a unique way, one gets the unknown functions. Hence, this is the unique solution of (4.5). Prom the equality D(Pi,---,Pn)
. a(gi,...,gn) = D{Pi,...,Pn) ^ 0
D{qi,---,qn) D(ui,...,un) D{ui,...,un)
it follows that the image <7,; = qi{u) is a one-to-one transformation (locally). We will prove that, in the new variables qt, the functions Pi = Pi{q) satisfy the conditions dPs dPf i=i q° dn ~hq\hdui dqu ~ h dq> \hQl du< J H ence, after equalizing the second mixed derivatives of (4.11) we get the conditions (4.10). It follows from (4.10) that
Pi^qi is a total differential of some functions Rs, i.e., Pf = dRs/dqi, i = 1,m. Putting these expressions for P" in (4.4), we get (4.6). From (4.9) the representations of Rs in the theorem follow. Conversely, if we multiply each fcth equation of (4.6) by qk and add the results, we will get (4.4). One obtains (4.7) from (4.6) after a straightforward differentiation, and a\s can be obtained in the same manner as in Theorem 2. Thus the theorem is proved. This work is supported by the Bulgarian Ministry of Education, Science and Technologies under Grant MM-524/95.
